In this paper, we find rational zeta series with ζ(2n) in terms of ζ(2k + 1) and β(2k), the Dirichlet beta function. We then develop a certain family of generalized rational zeta series using the generalized Clausen function Cl m (x) and use those results to discover a second family of generalized rational zeta series. As a special case of our results from Theorem 3.1, we prove a conjecture given in 2012 by F.M.S. Lima. Later on, we use the polygamma function ψ(x) and negapolygammas ψ (−m) (x) to achieve the same three types of generalized rational zeta series but with ζ(2n + 1) on the numerator instead of ζ(2n).
Introduction
In 1734, Leonard Euler proved an amazing result, now known as the celebrated Euler series: The zeta function has been studied quite in depth (see [1] ). The odd arguments of ζ(s) are interesting as they do not have a closed form, though many mathematicians have studied them in detail. In 1979, Roger Apéry [2] proved that ζ(3) is irrational using the fast converging series
It is still unknown whether ζ(5) is irrational, however, it is known that at least one of ζ (5) , ζ (7) , ζ (9) , and ζ (11) is irrational (see [3] ). The rational zeta series in this paper will involve odd arguments of ζ(s) among other things. Another main function needed is the Clausen function (or Clausen's integral), The Clausen function also has a power series representation which will be used later in the paper. It is given as The Clausen function is widely studied and has many applications in mathematics and mathematical physics [4] [5] [6] [7] [8] [9] [10] [11] .
When s = 2, β(2) = G is known as Catalan's constant. Using this and the Riemann zeta function, we find
Using (1.4) and (1.7), we find
Writing others out,
and by induction, for m ≥ 3,
Later in the paper, we will focus on the polygamma function, defined by
The polygamma function has been studied in [12] as well as many other papers. When
is called the digamma function. It has been shown (see [13] ) that there is a closed form of z 0 x n ψ(x) dx in terms of sums involving Harmonic numbers, Bernoulli numbers and Bernoulli polynomials. There are also definitions for negative order polygamma functions, called negapolygammas, given by
and by induction, for n ≥ 2,
Note the Taylor series for log (z) is 12) where γ is the Euler-Mascheroni constant. The last function to introduce is the Hurwitz zeta function, defined by
The negapolygammas are related to the derivative of the Hurwitz zeta function with respect to the first variable (see [13] ).
Organization of the paper
We begin by investigating πz 0 x p cot(x) dx for |z| < 1, which was studied in [9] . We then compute this same integral using the power series for the cotangent and obtain a rational zeta series representation with ζ(2n) on the numerator for z = 1/2 and z = 1/4. Specific rational zeta series like these have been studied in [14] . Afterwords, we work on a generalized rational zeta series with ζ(2n) on the numerator and an arbitrary number of monomials on the denominator using the generalized Clausen function Cl m (z). As a special case, we immediately prove a conjecture given in 2012 by F.M.S. Lima. After doing this, we go back to the cotangent function and discover a separate class of generalized ζ(2n) series. Then, using our newly found generalized zeta series, we investigate rational zeta series with ζ(2n + 1) on the numerator instead of ζ(2n). To do this, we use the digamma function ψ(x) instead of cot(x) and instead of Cl m (x), we use the negapolygammas ψ (−m) (x) . Citing the ζ(2n) sums, we extract the same families of rational zeta series with ζ(2n + 1) on the numerator for z = 1/2 and z = 1/4.
Rational ζ(2n) series with cot(x)
Theorem 2.1: For p ∈ N and |z| < 1, Proof: Let f (z) be the left-hand side of the equation and let g(z) be the right-hand side. Note that f (z) = π p+1 z p cot(π z). Using (1.7) and (1.9),
we have
Since
Using (1.5), (1.6), and (1.9), we set z = 1/2 and z = 1/4 and find
We can also integrate x p cot(x) using (1.1) and Fubini's theorem. Doing so, we obtain
and using (2.1),
So for z = 1/2 and z = 1/4, we have
For completeness, we plug in some values of p for z = 1/2 and z = 1/4.
General ζ(2n) series using Cl m (x)
Theorem 3.1: For p ∈ N 0 , m ∈ N and |z| < 1,
Proof: Similar to the proof of (2.1), we will call the left-hand side f (z) and the right-hand
We can see if p = 0, we recover (1.8). Now letting z = 1/2 and z = 1/4, we find
Now, we will integrate the left-hand side of (3.1) using (1.3) and (1.10), giving us
where H k is the kth harmonic number and H 0 := 0. Integrating again and simplifying, we arrive at
Using (3.1), we can rearrange this and find
(3.5)
Corollary 3.2:
Conjecture from Lima, 2012 [15] . For N odd,
Proof: Setting p = 0 in (3.5) and z = 1/2 and z = 1/4, we find
and
Dividing both sides of each equation by 2 yields two stronger statements than the conjecture since m ∈ N. In any case, the conjecture is proven.
For general p, we have
(3.7)
For completeness, we compute some sums for certain m and p. The first is a famous series (see [16] ) and the first two are immediate from (1.3) with θ = π and θ = π/2, respectively.
Now, we will revisit the cotangent function and investigate a general zeta series using its power series.
General ζ(2n) series using cot(x)
In this section, we will investigate the double integral
Using the binomial theorem and (2.1) among other things,
where we have evaluated the sums on j and k. The terms with δ m,0 cancel each other and we can use (3.1) to evaluate the other integrals. Rearranging and simplifying, we will arrive at
Another way to evaluate this double integral is to use (1.1) and Fubini's theorem, similar to the first section. Doing so, we see
.
Putting this and (4.1) together, we find
Setting z = 1/2 and z = 1/4, we obtain
For completeness, we compute some sums for certain m and p, the first of which was rediscovered by Ewell [17] .
Now that we have established all of the rational zeta series with ζ(2n), we will perform a similar analysis on rational zeta series with ζ(2n + 1) on the numerator, which generally does not appear in any literature.
For z = 1/2 and z = 1/4, we find
Below we compute a few examples for specific p. Note that A is the Glaisher-Kinkelin constant, defined by log A = 
6. General ζ(2n + 1) series using ψ (−m) (x) Theorem 6.1: For p ∈ N 0 , m ∈ N and |z| < 1,
Proof: The proof is exactly the same as the proof of (5.1) as there was no dependence on
Now, let us compute this integral using (1.11) and (1.12). Doing so, we see
Setting this result equal to (6.1) and simplifying, one has the nice result
Again, we can split this into
, and the first sum has been computed earlier. Using this, we find
For z = 1/2 and z = 1/4, we have , (7.4) 
